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Abstract 
For each admissible v, we exhibit a path design P(v, 4, 1) with a spanning set of minimum 
cardinality and a P(v,4, 1) with a scattering set of maximum cardinality. 
I. Introduction 
Let G be a subgraph of Kv, the complete undirected graph on v vertices. A G-desiyn 
of K~ is a pair (V,~), where V is the vertex set of Kv and ~ is an edge-disjoint 
decomposition of Ko into copies of the graph G. Usually we say that b is a block of 
the G-design if b C ~,  and ~ is called the block set. Given a block b we use the same 
symbol b to denote its vertex set. 
Let L be a set of edges of Kv. A partial G-design is the decomposition of Kv\L 
into copies of the graph G. The edge set L is called the leave of the partial G-design. 
A path design P(v, k, 1) [3] is a Pk-design of K~, where Pk is the simple path with 
k -  1 edges (k vertices). 
The condition v(v -  1) - 0 (mod2(k -  1)), v>>.k, is obviously necessary for the 
existence of a P(v, k, 1 ). This condition is proved to be sufficient by Tarsi [7]. Therefore 
a P(v,3, 1) exists if and only if v - 0 or 1 (mod4), and a P(v,4, 1) exists if and only 
if v=-0  or l (mod3).  
A balanced G-design [3,4] is a G-design such that each vertex belongs to exactly 
r copies of G. Obviously not every G-design is balanced. A (balanced) G-design of 
K~ is also called a (balanced) G-design of order v. A handcuffed esign H(v,k, 1) is 
a balanced path design. 
Let (V,~) be a path design P(v,k, 1) with point set V and block set ~ and let 
t2 be a subset of V. A block b C M is called secant, tangent or exterior to t2 if 
Ib c3 t21 = 2, 1 or 0, respectively. 
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The spanned set t£(f2) is the set of all x E V\I2 such that there is at least one 
secant block to I2 on x. The subset 12 of V is a spannin9 set if for every x E V\I2, 
x E ~(~2). 
An arc in (V, 2~) is a subset ~ of points of V no three of which are on a block. I f  
f2 is an arc in (V, ~) ,  then any block is either secant or tangent or exterior to 12. An 
arc f2 is said to be complete if it is maximal with respect o set inclusion, i.e. if for 
all x E V\I2, f2 U {x} is not an arc. 
A scatterin9 set f2 C_ V is an arc for which every x E VkI2 has the property that 
x appears in at most one secant block to g2. Clearly a P(4,4, 1) cannot contain a 
scattering set. 
It is straightforward to verify that every complete arc is a spanning set; the converse 
need not hold. 
The reader interested about motivations for the definitions of spanning and scattering 
sets and resulting problems could see [1] where these notions are introduced for Steiner 
triple systems. In [1] Colbourn et al. exhibit, for every admissible v, an STS(v) with 
a spanning set of minimum cardinality, and an STS(v) with a scattering set of maxi- 
mum cardinality. In the process, they establish the existence of Steiner triple systems 
with complete arcs of the minimum possible cardinality. The analogous problems for 
handcuffed esigns H(v, 3, 1) and path designs P(v, 3, 1) are completely solved in [6] 
and [5], respectively. 
In this paper we exhibit, for each v - 0, 1 (rood3), a P(v,4, 1) with a spanning 
set of minimum cardinality and a P(v,4, 1) with a scattering set of maximum 
cardinality. 
2. Spanning sets of minimum cardinality 
Let S = (V,M) be a P(v,4, 1). Using the terminology of [1] we call spannino 
number span(S) the size of a smallest spanning set in S. Let span(v) be the minimum 
spanning number. Obviously span(v)~>2. A path design S is spanned if span(S) = 2. 
Lemma 1. For every v -  2(mod3)  there is a partial P(v,4, 1) having an ed9 e as a 
leave. 
Proof. For v = 5 put V = {0,1,2,3,4}, ~ = {{1,2,3,0},{0,2,4, 1},{1,3,4,0}} and 
L = {0,1}. It is easy to see that (V ,~)  is a partial P(5,4, 1) whose leave is L. 
Let V = {0, 1 . . . .  , v} and let (V, ~)  be a partial P(v, 4, 1 ) having the leave L = {0, 1 }. 
Put ~ l  = {{0, COl,OO2, 1}, {1,c~l,c~3,0}, {0, cx~2, co3, 1}} and ~2 = {{cx~1,3i + 2, oo2, 
3i+4},{c~2,3 i+3,c~3,3 i+2},{co3,3 i+4,  oob3 i+3},  i = 0,1 . . . . .  (v - 5)/3}. It is 
easy to see that (V U {co~,oo2,~x~3},~ U 1 U ~2)  is a partial P(v + 3,4, 1) whose 
leave is L. [] 
Theorem 1. For every v = O, 1 (mod3)  there exists a spanned P(v,4, 1). 
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Proof. Let f2 = {o(31,oo2} and W = {0, 1 . . . . .  v - 3}. First we suppose v _---- 1 (mod3).  
For v = 4 the proof is trivial. By Lemma 1 there exists a partial P(v -  2,4, 1) (W,~)  
whose leave is the edge {0, 1}. Let M1 = {{0, 1,oo,,cxD2}, {~1,0,c~22, 1}} tA {{o~1,2+ 
3i, c~2,3+3i},{oo2,4+3i,<x~,3+3i} for i -- 0, 1 . . . .  ,(v - 7)/3}. It is easy to see that 
(W U f2, :~ tA M1 ) is a P(v, 4, 1 ) and 12 is a spanning set. 
Let v - 0(rood 3). I f v  = 6 then let (W,:~) be a P(4,4, 1) where W = {0, 1,2,3}, and 
let M, = {{0,ool,c~2, 1}, {oo1,2,~z,0},  {oo2,3,c~,, 1}}. Obviously (W tA f2 ,~ U M1) 
is a P(6,4, 1) and f~ is a spanning set. Suppose v>~9. Let V= f2tA {0, 1 . . . . .  v -6}  and 
let (V ,~)  be a P(v -  3,4, 1) containing g2 as a spanning set. Put ~ l  = {{oo l ,v -  4, 
ooz, v - 5},{c, z2, v - 3,o~1,v - 5}}, and either ~2 = {{v - 9,v - 3,v - 8,v - 4}, 
{v-  lO, v -4 ,v -9 ,v -  5}, {v -g ,v -  5 ,v-  lO, v -  3}, {v -  V,v-  3 ,v -4 ,v -6} ,  {v-6 ,  
v -  3 ,v-  5,v-  V}, {v -  V ,v -4 ,v -  5 ,v-6} } U { {Zi, v-4,Zi  + l ,v -  5}, {Zi + l ,v -  3,2i, 
v-  5} for i = 0,1 . . . . .  (v -  12)/2}} if v = 0(mod6)  or :~2 = {{ v -  7 ,v -  3 ,v -  4, 
v-6} ,  {v -6 ,v -  3 ,v -  5 ,v -  V}, {v -  7 ,v -a ,v -  5 ,v -6}  } U { {Zi, v -4 ,2 i  + l ,v -  5}, 
{2i+l,v-3,2i ,  v -5}  for i = 0,1 . . . . .  (v - 9)/2}} i fv  - 3 (mod6). It is easy to verify 
that (WU~2,MtA~I  tA~2) is a P(v,4,1)  and Q is a spanning set. [] 
Theorem 1 establishes the existence of path designs with complete arcs of minimum 
possible cardinality (see [ 1,2, 5,6]). 
3. Scattering sets of maximum cardinality 
Let S = (V ,~)  be a P(v,4, 1). The scatterin9 number scat(S) is the size of a largest 
scattering set in S. Let scat(v) be the maximum scattering number of a P(v, 4, 1). It is 
easy to see that scat(v)<<.L(v) = Lv~]. A path design S is scattered if scat(S) = L(v). 
In the following examples we give a scattered P(v,4, 1) for v = 6,7,9, 10. 
Example 1. V = {1,2 . . . . .  6}, ~ = {3124,4156, 1635,5234,2645}. The scattering set 
is {1,2}. 
Example 2. V --- {1,2 . . . . .  7}, ~ = {3124, 4153, 6173, 3254, 6274, 4365, 4675}. The 
scattering set is {1,2}. 
Example 3. V = {1,2 . . . . .  9}, ~ = {6129, 5238, 4317, 8145, 9156, 7269, 8247, 9375, 
6359,5894,8679,7846}. The scattering set is {1,2,3}. 
Example 4. V = {0, 1 . . . . .  9}, ~ = {4127, 5138, 6239, 6178, 8195, 1056, 9258, 4289, 
2069, 0374, 5364, 3457, 9407, 4867, 7908}. The scattering set is { 1,2, 3}. 
Lemma 2. For every w =_ 0(mod3)>~3, there is a partial P(2w+ 1,4,1) (WI,~),  
W1 = {0, 1 . . . . .  2w}, whose leave is {{0, 1},{0,2} . . . . .  {0,w}}. 
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Proof. Put w = 3k. We use the well-known difference method. First suppose k is even. 
Form the following blocks of a P(2w + 1,4, 1) (the sum is mod2w + 1): 
(1) {j, j+2i,  j+(5k + 2)/2+i, j+5k+2i+2}, i = 1,2 . . . . .  (k - 2)/2, j = 0, 1 . . . . .  6k; 
(2) {j , j  + 2i - 1,j + i + 3 k - 1,j + 2i + 3k - 2},i = 1,2 . . . . .  k/2, j --- 0, 1 . . . .  ,6k; 
(3) {j , j  + 2k, j + 4k + 1,j + (13/2)k + 2}, j = 0, 1 . . . . .  6k. 
From the blocks (1) remove (for every i) the following two {k -  2 i -  1,k -  1, 
7k - i ,0},{7k - i, 7k + i ,0,(5k+2)/2 + i} and form the pairs {0,(5k +2) /2  + i}, 
{0, 7k + i}, {0, 7k - i} and the block {k - 2i - 1,k - 1, 7k - i, ~k + i}. 
From (2) remove (for every i) {3k + 3 - 2i,3k + 2, 9k + 2 - i,0}, {9k + 2 - i, 9k + 
1 +i,O, 3k+i -  1} and form the pairs {0,3k + i -  1} ,{0 ,9k+ 1 + i} ,{0 ,9k+2- i}  
and the block {3k + 3 - 2i, 3k + 2, 9k + 2 - i, 9k + 1 + i}. 
Finally from (3) remove {0,2k,4k + 1,(13/2)k +2},  {2k,4k,0, ~k + 1} and form the 
pairs {0, ~k + 1}, {0,4k}, {0,2k} and the block {4k,2k,4k + 1,(13/2)k + 2}. 
A suitable permutation of the elements of WI completes the proof when k is even. 
Now let k be odd. Form the following blocks: 
(4) { j , j+2 i -  1 , j+ i+(5k+l ) /2 , j+2 i+5k+ 1}, i = 1 ,2 , . . . , (k -1 ) /2 ,  
j = 0, 1 . . . . .  6k; 
(5) {j, j+2i,  j+ i+(3k-  1)/2, j+2i+3k-1}, i=  1,2 . . . . .  (k -  1)/2, j = 0, 1 . . . .  ,6k; 
(6) { j , j+2k ,  j+4k+ 1, j+( l l k+ 1)/2}, j -0 ,1  . . . . .  6k. 
From (4) remove (for every i) {k - 2i, k - 1,(7k + 1)/2 - i ,0} ,{(7k+ 1)/2 - i, 
(7k - 1)/2+i,0,(5k + 1)/2+i} and form the pairs {0 , (7k -  1)/2+i},{0,(5k + 1)/2+i}, 
{0, (7k + I )/2 - i} and the block {k - 2i, k - 1, (7k + 1 )/2 - i, (7k - 1 )/2 + i}. 
From (5) remove (for every i) {3k+2-2 i ,3k+2, (9k  + 3) /2 - i ,0} ,  {(9k + 3) /2 -  i, 
(9k + 3)/2+i, 0, (3k - 1 )/2+i} and form the pairs {0, (9k + 3) /2- i},  {0, (9k + 3)/2+i}, 
{0,(3k - 1)/2 + i} and the block {3k + 2 - 2i,3k + 2,(9k + 3)/2 - i,(9k + 3)/2 + i}. 
Finally from (6)remove {0,2k,4k+l , ( l lk  + 1)/2}, {2k,4k, O,(3k-  1)/2} and form 
the pairs {0,4k}, {0,2k}, {0,(3k - 1)/2} and the block {4k,2k,4k + 1, ( l lk  + 1)/2}. 
By a suitable permutation of the elements of W1 we can change the leave to that 
desired and complete the proof when k is odd. [] 
Theorem 2. Let w - 0 (mod 3) and let (W, J-) be a scattered P(w 2, 4, 1 ). It is possible 
to embed (W,~'-) in a scattered P((w + 1)2,4, 1). 
Proof. Let W = {al,a2 .. . . .  aw2} and/2 = {al,a2,. . . ,aw} be a scattering set in (W, 3-). 
Put W1 = {0, 1 . . . .  ,2w} (Wfq W1 = 0), ~ = {{i,O, ai, w+i},  {ai, w, ai+w,W+i} for i=  
1,2,. . . ,w}, ~ = {{aw+i,j, ai, w+j -1}  for i=  2,3 . . . . .  w and j = 1,2 . . . . .  i -1}  and 
9-3 = {aw+i,j, ai, w+j+ 1} and i = 1,2 . . . . .  w -  l j  = i , i+ 1 . . . . .  w -  1}. Finally, set 
g2o = {aw+l,aw+2 ... . .  a2w} and I21 = {a2w+l,a2w+2 . . . . .  aw 2}. 
We need to construct a set D of (not necessarily distinct) ordered pairs (xy), x # y, 
of elements of g20 tA O1 satisfying the following conditions: IDI = ~w(w 2 - w - 1); let 
(xy) be an element of D, then if we give to the first element x weight 1 and to the 
second element y weight 2 then the sum of all the weights of any fixed element of g2i 
is w+i(w+ 1). 
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In order to form the set D, it is sufficient o observe that every element of f2~ must 
appear an odd number of times (at least 1) in the first position x, and every element 
of f2o must appear in the first position either a non-negative ven number of times if 
w is even or a positive odd number of times if w is odd. 
It is possible to construct a set J4 of 2w(w2-w-  1) blocks {xayb} such that 
a, bE W1, (xy)ED and no edge appears in two different blocks of ~11 to J2 tO Y3 U Y4. 
The blocks of 511 tO ~ t3 ~3 tO J4  cover all the pairs of distinct elements of W, all 
the pairs {ct, fl} for each ~ E W and fl E W1 and the pairs {0,i} for i = 1,2 . . . . .  w. 
Then if (W1,Js) is the partial P(2w + 1,4,1) constructed in Lemma 2, it is easy 
W, 5 to verify that (W U l,Ui=l Y/,) is a P((w + 1)2,4, 1) containing the scattering set 
s = {o}to . [] 
Theorem 3. Let w -= 1 (mod3)  and (W,3-) be a scattered p(w2,4, 1). It is possible 
to embed (W,J-) in a scattered P((w + 1)2,4, 1) (V,~).  
Proof. Let W --- {aba2 .. . . .  aw 2 } let f20 --- {al,a2 .. . . .  aw} be a scattering set in (W, ~--). 
Put W1 = {0, 1 . . . . .  2w} (W n W1 = 0) and V = W t2 W1. Our purpose is to embed 
(W,3--) in a P( (w+ 1)2,4,1) (V,M) containing {0} U t20 as a scattering set. Since 
2w+ 1 = 0(mod3) ,  there exists a P (2w+ 1,4,1) (Wl,Cg). Let oK0 be the set of blocks 
of  cg on the element 0. Clearly I%1 >~w. Take exactly w blocks bi = {ri,~i, fli, yi} E 
ego. We may assume that either 6i = 0 or cti = 0. Split bi in the pair {~i, ri} and 
the triple {~i, fli, Ti}. Let n be a suitable permutation of the elements of Wl such that 
{n~i, nri} = {0,i} for every i = 1,2 . . . . .  w. For every bECg\{bi: i = 1,2 . . . . .  w} put 
nb in ~;  for every i put {i,O, a i ,w+i} and {aw+i, Tzcti, Tzfli,;~]:i} in ~.  
Let O1 = {aw+l,aw+2 .. . . .  a2w} and f22 = {a2w+l,a2w+2 ... . .  aw2}. It is easy to con- 
struct a set D of (not necessarily distinct) ordered pairs (xy), x ¢ y, of elements of W 
satisfying the following conditions: (1) IDI = ½w(2w2 +w-3);  (2) for every (xy)ED 
the first element x has weight 1 and the second element y has weight 2; (3) the sum 
of all the weights of any fixed element of g2i is 2w - 1 + i; (4) for every (xy) E D 
it is I{x,y} n t201 ~< 1; (5) the following ordered pairs are elements of D: (a2w+l,aw:), 
(a2w+i, aw+i) for i = 1,2 . . . . .  w and (a2w+l+i, a2w+i) for i = 1,2 . . . . .  w 2 -2w-  1. It is 
possible to construct lw(2w 2 + w - 3) blocks {xayb} E~ such that a, b E W1, (xy) E D, 
and if 0E {a,b} then (xy) is one of the ordered pairs constructed in (5). To complete 
the proof put in M all the blocks of 5". [] 
Lemma 3. For every w =- 2(mod3)~>5, there is a partial P(2w + 1,4,1) (Wl,¢g), 
WI = {0,1 . . . . .  2w), whose leave is {{0,1},{0,2} . . . . .  {0,w +2}}.  
Proof. Put w = 3k + 2. We use the well-known difference method. 
Case I: Let k be odd. For every i = 1,2 . . . . .  (k - l ) /2  (for k = 1 we do not 
construct hese blocks) and j = O, 1 . . . . .  6k + 4 form the following blocks (the sum is 
(mod 6k + 5)): 
(1) { j ,2 i -  l + j,(5k + a)/2 ÷ i + j,5k + a + 2i + j}; 
(2) {j,2i + j,(3k + l )/2 + i + j,3k + l + Zi + j}. 
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The blocks cover all the differences except k, 2k + 1, 2k + 2, (3k + 1 )/2 and 3k + 2. 
From (1) remove (for every i) {k - 2i + 2, k + 1, (7k + 7)/2 - i, 0}, {(7k + 7)/2 - i, 
(7k + 5)/2+i, 0, (5k + 3)/2+i} and form the pairs {0, (7k + 5)/2+i}, {0, (5k + 3)/2+i}, 
{0,(7k + 7)/2 - i} and the block {k - 2i + 2,k + 1,(7k + 7)/2 - i,(7k + 5)/2 + i}. 
From (2) remove (for every i) {3k-2 i+4,3k+4, (9k  + 9)/2- i ,0}, {(9k + 9) /2- i ,  
(9k + 9)/2+i, 0, (3k + 1 )/2+i} and form the pairs {0, (9k + 9)/2+i}, {0, (3k + 1 )/2+i}, 
{0,(9k + 9)/2 - i} and the block {3k - 2i + 4,3k ÷ 4,(9k ÷ 9)/2 - i,(9k + 9)/2 + i}. 
The above blocks and edges still cover all the differences except k, 2k + 1, 2k + 2, 
(3k + 1)/2 and 3k + 2. Using the differences k, 2k + 1 and 2k + 2 form the blocks 
{j,2k +2 +j ,4k + 3 ÷ j ,5k  +3 +j} ,  j = 1,2 . . . . .  2k + 1,2k ÷ 3 . . . . .  6k÷4,  {4k+4, 
2k+2,4k+3,5k+3} and the pairs {0,k}, {0,2k+2}, {0,4k+4}. It is easy to see that 
the gcd(3k + 2,6k + 5)= gcd((3k + 1)/2,6k + 5) = 1. Then the two cycles (0, 3k + 2, 
2(3k ÷ 2) . . . . .  (6k + 4)(3k + 2)), (0,(3k + 1)/2,2(3k + 1)/2 .. . . .  (6k + 4)(3k + 1)/2) 
cover the differences 3k÷2 and (3k ÷ 1)/2, respectively. Split the above cycles into the 
following blocks and pairs: {(1 + 3i)(3k + 2),(2 + 3i)(3k + 2),(3 + 3i)(3k + 2), 
(4 + 3i)(3k + 2)}, {(1 + 3i)(3k+ 1)/2,(2 + 3i)(3k+ 1)/2,(3 + 3i)(3k+1)/2, 
(4 + 3i)(3k ÷ 1)/2}, i = 0, 1,..., 2k, {0, 3k + 2}, {0, (6k ÷ 4)(3k + 2)}, {0, (3k + 1)/2} 
and {0,(6k + 4)(3k + 1)/2}. By a suitable permutation of the elements of W1 we 
complete the proof for every odd k. 
Case II: Let k be a positive even integer. Form the blocks: 
(1') {j , j  + 2i, j ÷ (5k÷4)/2 ÷ i,j ÷ 5k ÷ 4 + 2i}, i---1,2 . . . . .  ( k -2 ) /2 ,  
j --- 0, 1 .... ,6k + 5 (if k = 2 we do not construct these blocks); 
(2') {j, j  ÷ 2i - l , j  ÷ 3k + i,j ÷ 3k + 2i}, i = 1,2 .. . . .  k/2, j = O, 1 .... ,6k ÷ 4. 
From (1') remove (for every i) {(7k ÷ 6)/2 - i,(7k + 6)/2 ÷ i,0,(5k + 4)/2 + i}, 
{7k÷6-2i ,7k+6,(7k ÷ 6)/2-i ,  0} and form the pairs {0,(7k ÷ 6)/2÷i}, {0,(5k ÷ 4)/ 
2 ÷ i}, {0 , (7k÷6) /2 -  i} and the block {7k ÷ 6 -  2i,7k + 6,(7k+6)/2 - i, 
(7k ÷ 6)/2 + i}. 
From (2') remove (for every i) {9k + 10-  2i,3k + 4,(9k+ 10) /2 -  i,0}, 
{(9k+ 10)/2 - i , (9k+8)/2 + i,O, 3k + i} and form the pairs {0,(9k + 8)/2 ÷ i}, 
{0, 3k ÷ i}, {0,(9k + 10)/2 - i} and the block {9k ÷ 10 - 2i,3k ÷ 4,(9k ÷ 10)/2 - i, 
(9k + 8)/2 + i}. 
The above blocks and edges cover all the differences except k, 2k + 1, 2k + 2, 
(5k + 4)/2 and 3k + 2. Note that gcd(3k + 2,6k + 5) = gcd((5k + 4)/2,6k + 5) = 1. 
The proof completes as in Case I. [] 
Theorem 4. Let w =- 2(mod3) and (W,~") be a scattered P(w2,4, 1). It is possible 
to embed (W,Y) in a scattered P( (w+ 1)2,4, 1) (V,~). 
Proof. Let W={al,a2 . . . . .  aw2} and f20={al,a2 .... ,aw} be a scattering set in (W,3-). 
Put W1 = {0, 1 . . . . .  2w} (Wn W1 = 0) and V = W tA W1. Our purpose is to embed (/4, ~J-) 
in a P((w + I)2,4, 1) (V,~) containing {0} tA (20 as a scattering set. Let (W1,Cg) be 
the partial P(2w + 1,4, 1 ) constructed in Lemma 3. 
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Put in ~ the blocks {i,O, ai, w+i}  for each i = 1,2 . . . . .  w, {aw+bO, w+ l ,aw+l} and 
{aw+3, 0, w+2, aw+4 }. Let 12t = {aw+l, aw+2, aw+3, aw+4 } and t22 = {aw+5, a2w+6 . . . . .  aw 2 }. 
It is easy to construct a set D of (not necessarily distinct) ordered pairs (xy), x y~ y, of 
elements of W satisfying the following conditions: (1) IOl -- ( 2w3 + w 2 - 2w - 4)/3; 
(2) for every (xy) E D the first element x has weight 1 and the second element y 
has weight 2; (3) the sum of all the weights of any fixed element of t2i is 2w - 1 + i; 
(4) for every (xy) E D there holds [{x,y} n f2o[~<l. It is possible to 
construct (2w 3 + w 2 - 2w - 4)/3 blocks {xayb} E ~ such that a, b E Wl, (xy) E D, 
and if 0 E {a, b} then x, y E 121 U g22. To complete the proof put in ~ all the blocks 
of 3"-UCg. [] 
By Theorems 2-4 and Example 3, we obtain the following result. 
Theorem 5. For every integer w >~3 there exists a scattered p(w2,4, 1). 
Theorem 6. Let w =- 1 or 2(mod3)~>4 let (W,~--) be a scattered P(w:,4,1).  It is 
possible to embed (W,J - )  in a scattered P(w 2 + 2,4, 1) (V,~).  
Proof. Let W = {0, 1 . . . . .  w 2 - 1} and f20 = {0, 1 . . . . .  w -  1} be a scattering set 
in (W,Y) .  Let cg be the following block set of elements of V = g" t3 {C~l,CC2}: 
{0,c~1,eo2, 1}, {c~l,(w 2 + 2)/3, oo2,0}, {cx~l,(w 2 +2)/3+i ,  oo2,i+1} for / - - -  1,2,. . . ,  
(w 2 -4) /3 ,  and {cx~2,(2w2+ 1)/3 + i, ool,i + 1} for i -- 0 ,1 , . . . , (w 2 -4 ) /3 .  Put 
= ~ U 3-. It is easy to see that (V,:~) is a P(w 2 + 2,4, 1) containing t20 as a 
scattering set. [] 
Lemma 4. For every w - 2 (mod 3)>~5, there is apartialP(2w+2,4, 1) (Wl,~),  W1 = 
{0,1 . . . . .  2w + 1}, whose leave is {{0,1},{0,2} . . . . .  {0,w},{ct, fl}}, where 
~, fl E WI, ct ~ fl, are opportune elements of  W1 such that {~, fl} ~ {0, i} for every 
i - -  1,2 . . . . .  w. 
Proof. 
Case I: Let w = 3k + 2 be odd and k = 0 or 2 (mod 3). Form the following blocks 
(the sum is (mod2w + 2)): 
(1) {j, j+2 i ,  j+(5k  + 7) /2+i ,  j+5k+2i+7},  i=  1,2 . . . . .  (k -3 ) /2 ,  j = 0, 1 . . . . .  
6k + 5 (for k = 3 we do not construct hese blocks); 
(2) { j , j+2 i -  1 , j+ i+(3k+l ) /2 , j  +2i+3k + 1}, i = 1,2 . . . . .  (k+1) /2 ,  
j=0 ,1  . . . . .  6k+5.  
(3) { j , j  + 2k + 2, j  + 4k + 5,j + (k + 5)/2}, j = 0, 1 . . . . .  6k + 5. 
From the blocks (1) remove (for every i) {(7k + 5) /2 - i , (7k  + 5)/2+i,0,(5k + 7)/ 
2 + i}, {k - 1 - 2i, k - 1,(7k + 5)/2 - i,0} and form the pairs {0,(7k + 5)/2 - i}, 
{0,(7k + 5)/2 + i}, {0,(5k + 7)/2 + i} and the block {k - 1 - 2i, k - 1,(7k + 5)/2 - i, 
(7k + 5)/2 + i}. 
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From the blocks (2) remove (for every i) {(9k + 11 )/2-i, (9k + 9)/2+i, 0, (3k + 1 )/ 
2 + i}, {3k + 5 - 2i, 3k + 4, (9k + 11 )/2 - i, 0} and form the pairs {0, (9k + 9)/2 + i}, 
{0,(3k + 1)/2+i}, {0,(9k + 11)/2-i} and the block {3k+5-2i,3k+4,(9k + I 1)/2-i, 
(9k + 9)/2 + i}. 
From (3) remove {4k + 4,0,2k + 3,(9k + 13)/2} and split it into three edges. 
The above blocks and edges cover all the differences except k -  1, 2k+4 and 3k+3. 
Let cr be the order of k-1 in the cyclic group (Z2w+2, +). Using the difference k-1 form 
the cycles ( i ,k -  1 +i ,2 (k -  1)+i . . . . .  ( tr -  1)(k- 1)+i) i = 0, 1 .. . . .  k -2 .  Since k -  1 - 
1 or 2 (mod 3) it is tr - 0 (mod 3)~> 6. Therefore we can split every cycle in ½ tr blocks. 
Using the differences 2k + 4 and 3k + 3 form the blocks {j, 2k + 4 + j, 5k + 7 + j, 
3k+3 +j},  jC{1,2 .. . . .  3k +2}\{k -  1}, {2k+4,5k+7,3k+3,k -  1} and the pairs 
{0,2k+4}, {0,3k +3}, {0,4k +2}. 
By a suitable permutation of the elements of W1 we complete the proof. 
Case II: Let w = 3k + 2 be odd and k _-- 1 (mod3). 
Firstly we consider w = 5. The following blocks cover the difference 5: {0, 5, 10, 3}, 
{3, 8, 1, 6}, {6, 11,4, 9}, {9, 2, 7, 0}. The other differences are covered by the following 
blocks and pairs: {j, j  + 1,j + 3,j + 6} for jE  {0 .. . . .  11}\{6,9}, {6,7,9, 10}, {0,3}, 
{0,10}, {0,9}, { j , j+a , j+  10, j+6} for jE  {1,3,4,5}, {4,10,6,2}, {0,4}, {0,6}, 
{0, 8}. By a suitable permutation of the elements of WI we complete the proof for 
w---5. 
For k>~7 form the blocks (1) and (2) and proceed as Case I above. So we cover 
all the differences except k -  1, 2k+4, 3k+3, 2k+2, 2k+3 and (5k + 7)/2. With the 
differences 2k + 4 and 3k + 3 proceed as in Case I. Using the difference 2k + 3 form 
the cycle (0,2k+3,2(2k+3) .. . . .  (6k+5)(2k+3))  (note that gcd(2k+3,6k+6) -- 1). 
Split this cycle into 2k + 2 blocks. Using the remaining differences k -  1, 2k + 2, 
(5k + 7)/2 form {j, j  + k - 1,j + 3k + 1,j + (1 lk + 9)/2}, j C 0, 1,..., 6k + 5. Remove 
the block obtained for j = 3k + 5 and split it into three pairs. 
By a suitable permutation of the elements of Wl we complete the proof. 
Case III: Let w=3k + 2 be even and k -= 0 or 2(mod3). 
Form the following blocks: 
(1) { j , j+2 i -  1, j+ (5k+6)/2 + i , j+  5k +2 i+ 6}, i = 1,2 . . . . .  ( k -2 ) /2 ,  
j = 0, 1 .. . . .  6k + 5 (for k = 2 we do not construct these blocks); 
(2) {j,j+Zi, j+ i+(3k  + 2)/2, j+Zi+3k+2}, i = 1,2 .. . . .  k/Z, j = 0, 1 .... ,6k+5; 
(3) {.Lj + 2k + 2,j + 4k + 5,j +( l l k  + 12)/2}, j = 0, 1 . . . . .  6k + 5. 
From (1) remove (for every i) {(7k + 6)/2 - i, (7k + 4)/2 + i, 0, (5k + 6)/2 + i}, 
{k-2i, k -  1,(7k + 6)/2-i ,0} and form the pairs {0,(7k + 6)/2-i}, {0,(7k + 4)/2+i}, 
{0,(5k + 6)/2 + i} and the block {k - 2i, k - 1,(7k + 6)/2 - i,(7k + 4)/2 + i}. 
From (2) remove (for every i) {(9k + 10)/2 - i,(9k + 10)/2 + i,0,(3k + 2)/2 + i}, 
{3k + 4 - 2i,3k + 4,(9k+ 10)/2 - i,0} and form the pairs {0,(9k+ 10)/2 - i}, 
{0, (9k + 10)/2+i}, {0, (3k + 2)/2+i} and the block {3k + 4-2i,  3k + 4, (9k + 10)/2-i, 
(9k + 10)/2 + i}. 
From (3) remove {4k + 4,0,2k + 3,(9k + 8)/2} and split it into three edges. 
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The above blocks and edges cover all the differences except k -  1, 2k + 4 and 3k ÷ 3. 
With these differences we can proceed as in Case I. 
A suitable permutation of  the elements of  W1 completes the proof. 
Case IV: Let w = 3k + 2 be even and k - 1 (mod3). The proof is similar to that 
in Case II. [] 
Theorem 7. Let w - 2(mod3)~>5 and (W,~--) be a scattered p(w2,4,1). It is 
possible to embed (W,Y-) in a scattered P(w z + 2w + 2,4, 1) (V,~). 
Proof. Let W = {al,a2 . . . . .  aw 2} and let f20 = {at,a2,. . . ,aw} be a scattering set in 
(W,.Y-). Put W1 = {0, 1 . . . . .  2w+ 1} (WN W1 = 0) and V = W U W1. Our purpose is 
to embed (W, Y-) in a p(w2+2w+2,4 ,  1) (V,~)  containing {0}Ut20 as a scattering set. 
Let (Wl,C£) be the partial P (2w+2,4 ,  1) constructed in Lemma 4. We may assume that 
2w + 1 ~{ct, fl}. Put in ~ the following blocks {w + i, ai, 0, i} for every i = 1, 2 . . . . .  w, 
and {2w + 1, aw+i, ~, f l}.  
Let f21 = {aw+2,aw+3 . . . . .  aw: }. It is easy to construct a set D of  (not necessarily 
distinct) ordered pairs (xy), x ¢ y, of elements of W satisfying the following conditions: 
(1) IOl -- (2w + 2)(w 2 - 1)/3; (2) for every (xy )ED the first element x has weight 
1 and the second element y has weight 2; (3) the sum of all the weights of  any 
fixed element of  t20 tJ {aw+l } is 2w, the sum of all the weights of  any element of  
~21 is 2w + 2; (4) for every (xy )E  D, I{x,y} n O01~<1. It is possible to construct 
(2w +2) (w 2 - 1)/2 blocks {xayb} EM such that a, bE W1, (xy)ED,  and if 0E{a,b}  
then x, y E f21 tO {aw+l }. To complete the proof put in M all the blocks of  ~--U cg. [] 
Theorem 8. Let (W, J )  be a P(v,4,1), v>~9, containino a scatterin9 set S. It is 
possible to embed (W,3- )  in a P(v +3,4 ,  1) (V,M) containin9 S as a scatterin9 set. 
Proof. Let W= {0,1 . . . . .  v -1} ,  V= Wto {c~bcc2,oo3} and [sI =w.  
Suppose that v is even. Let S = {0,1 . . . . .  w -  1}. Let J-1 = {{v-2 ,oo l ,oc2 ,v -  1}, 
{v - 2,cx~2,cx~3,v - 1},{v - 2,oo3,o~1,v - 1}} and J-2 = {{ool,j,~x)2,j + (v - 2)/2}, 
{Ocl,j ÷ (v -2 ) /2 ,cx~3, j} : j  = 0,1 . . . . .  (v -4 ) /2} .  Put ~ = 3- U 3-1 tO J-2; since 
w<<.v/-{<~(v- 2)/2, it is easy to check that S is a scattering set in (V,~).  
Let v be odd. Note that w<~x/-{<~(v-5)/2 for v>~13; then we put either S ---- 
{0,1 . . . . .  w -  1} if v>~13 or S = {0,1,8} i fv  = 9 and w = 3. Let ~--1 = {{v-  2, 
O01, ~02, V--1}, { V-- 2, 002, 003, V--1}, { V-- 2, CXZ3, 0OI , V--1}, { V-- 5, 0~I, V-- 3, 0C2 }, { V--4, 
oc2,v -- 5, oo3},{v -- 3, o~3,v -- 4, ocl}} and J -2  = {{Ool,j, oce,j  + (v -- 5)/2},{oc~, 
j÷(v  -- 5)/2, oo3,j} j = O, 1 . . . . .  (V -- 7)/2}. Put M = YU J -1U ~--2; it is easy to verify 
that S is a scattering set in (V,M). [] 
Theorem 9. For every admissible v >16 there exists a scattered P(v,4, 1). 
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Proof. Examples 1 -4  and Theorem 8 prove our proposition for each admissible v such 
that 6~<v<15. 
Let w- lo r2(mod3)~>4.  By Theorems 5 and 6 there is a scattered P (w2+ 2,4, 1). 
Then Theorem 8 implies the proof for each admissible v such that w 2 < v < (w + 1)2. 
Let w = 0(mod3)>~6. Since by Theorem 5 there is a scattered P( (w-  1)2,4,1) 
then from Theorems 7 and 8 it follows the existence of a scattered P(v, 4, 1) for every 
admissible v such that W 2 < 13 < (W--]- 1)2. [] 
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